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TWISTED ALEXANDER POLYNOMIALS OF TORUS LINKS
TERUAKI KITANO, TAKAYUKI MORIFUJI AND ANH T. TRAN
ABSTRACT. In this paper we give an explicit formula for the twisted Alexander polynomial of
any torus link and show that it is a locally constant function on the SL(2,C)-character variety.
We also discuss similar things for the higher dimensional twisted Alexander polynomial and the
Reidemeister torsion.
1. INTRODUCTION
The twisted Alexander polynomial is a generalization of the classical Alexander polynomial
of a knot in the 3-sphere S3. It was first introduced by Lin [10] for knot groups and by Wada
[14] for finitely presentable groups which include link groups. Recently this polynomial invari-
ant has been widely investigated by lots of authors and recognized as a powerful tool in low
dimensional topology. As for recent development of this topic and related references, see the
survey papers [2], [7] and [12].
In this paper we consider twisted Alexander polynomials associated to irreducible SL(2,C)-
representations of groups of knots or links in S3. In particular we investigate the behavior of
the twisted Alexander polynomial as a function on the SL(2,C)-character variety, that is, the
set of conjugacy classes of irreducible SL(2,C)-representations. As for this kind of property,
it is known that there is a hyperbolic knot such that the twisted Alexander polynomial varies
continuously on its character variety (see [3]). On the other hand, it is known that such kind of
phenomenon never happen for any torus knot. Actually in our previous paper [9] we showed
that every coefficient of the twisted Alexander polynomial of a torus knot is a locally constant
function of the SL(2,C)-character variety. Furthermore we reproved a result of Johnson that
the Reidemeister torsion of a torus knot is locally constant on the SL(2,C)-character variety
(see [5]).
The purpose of this paper is to generalize the above result to torus links in S3 and moreover
to discuss similar things for higher dimensional twisted Alexander polynomials. To this end
we give an explicit formula for the (higher dimensional) twisted Alexander polynomial, which
depends only on the eigenvalues of the 2 × 2 matrices corresponding to the cores of the two
solid tori of the standard genus one Heegaard splitting of S3. The property of the twisted
Alexander polynomial and the Reidemeister torsion mentioned above immediately follows from
the formula.
This paper is organized as follows. In the next section, we quickly review the definition of
the twisted Alexander polynomial of a link in S3. In Section 3 we study the SL(2,C)-character
variety of a torus link. In Section 4 we describe a formula for the twisted Alexander polynomial
of a torus link. In the last section, we investigate the higher dimensional twisted Alexander
polynomial and the Reidemeister torsion.
2010Mathematics Subject Classification. Primary 57M27, Secondary 57M25.
Key words and phrases. character variety, torus link, twisted Alexander polynomial.
1
2 TERUAKI KITANO, TAKAYUKI MORIFUJI AND ANH T. TRAN
2. TWISTED ALEXANDER POLYNOMIALS
Let L = L1 ⊔ · · · ⊔ Lµ be a µ-component oriented link in S3 and EL = S3 \ int(N(L)) the
exterior of L in S3. Here N(L) is a closed tubular neighborhood of L. We denote π1(EL) by
G(L) and call it the link group. We choose and fix a Wirtinger presentation of G(L):
G(L) = 〈x1, . . . , xl | r1, . . . , rl−1〉
where every generator corresponds to an arc in a regular projection D(L) of the link L and
every relator comes from a crossing in D(L). The abelianization homomorphism
αL : G(L)→ H1(EL;Z) ∼= Z⊕µ = 〈t1〉 ⊕ · · · ⊕ 〈tµ〉
is given by assigning to each generator xi the meridian element tk ∈ H1(EL;Z) of the corre-
sponding component Lk of L. Here we denote the sum in each Z multiplicatively.
In this paper we consider a representation of G(L) into the two-dimensional special linear
group SL(2,C), say ρ : G(L) → SL(2,C). The maps ρ and αL naturally induce two ring ho-
momorphisms ρ˜ : Z[G(L)] → M(2,C) and α˜L : Z[G(L)] → Z[t±11 , . . . , t±1µ ], where Z[G(L)]
is the group ring of G(L) and M(2,C) is the matrix algebra of degree 2 over C. Then ρ˜ ⊗ α˜L
defines a ring homomorphism Z[G(L)]→ M (2,C[t±11 , . . . , t±1µ ]). Let Fl denote the free group
on generators x1, . . . , xl and
Φ : Z[Fl]→M
(
2,C[t±11 , . . . , t
±1
µ ]
)
the composition of the surjection φ˜ : Z[Fl] → Z[G(L)] induced by the presentation of G(L)
and the map ρ˜⊗ α˜L : Z[G(L)]→ M(2,C[t±11 , . . . , t±1µ ]).
Let us consider the (l − 1)× l matrix A whose (i, j)-entry is the 2× 2 matrix
Φ
(
∂ri
∂xj
)
∈M (2,C[t±11 , . . . , t±1µ ]) ,
where ∂
∂x
: Z[Fl] → Z[Fl] denotes the free differential. We call A the Alexander matrix of the
link group G(L) associated to ρ. For 1 ≤ j ≤ l, let us denote by Aj the (l− 1)× (l− 1) matrix
obtained from A by removing the jth column. We regard Aj as a 2(l − 1) × 2(l − 1) matrix
with coefficients in C[t±11 , . . . , t
±1
µ ]. Then Wada’s twisted Alexander polynomial [14] of a link
L associated to a representation ρ : G(L)→ SL(2,C) is defined to be the rational function
∆L,ρ(t1, . . . , tµ) =
detAj
det Φ(xj − 1)
and well-defined up to multiplication by t2k11 · · · t2kµµ (kj ∈ Z). In particular, it does not depend
on a choice of a presentation of G(L).
Remark 2.1. By definition,∆L,ρ(t1, . . . , tµ) is a rational function in the variables t1, . . . , tµ, but
it will be a Laurent polynomial ifL is a link with two or more components [14, Proposition 9], or
L is a knotK and ρ is non-abelian [8, Theorem 3.1]. We note that if ρ, ρ′ : G(L)→ SL(2,C) are
conjugate representations, then∆L,ρ(t1, . . . , tµ) = ∆L,ρ′(t1, . . . , tµ) holds (see [14, Section 3]).
3. CHARACTER VARIETIES OF TORUS LINKS
In this section, we discuss the SL(2,C)-character variety of the group of a torus link. To this
end, we first review a presentation of the group of a torus link.
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3.1. A presentation of the group of a torus link. Let L = T (µp, µq) be a µ-component torus
link in S3 where p, q are coprime integers. The link group G(L) = π1(EL) has the following
presentation (see [13, Lemma 2.2]):
G(L) = 〈m1, · · · , mµ, x, y, ℓ | mµmµ−1 · · ·m1 = xrys, [ℓ,mi] = 1 (1 ≤ i ≤ µ), ℓ = xp = yq〉
where x, y represent the cores of the two solid tori of the Heegaard splitting defined by the torus
T ⊂ S3 (namely T determines the Heegaard decomposition of genus one in S3), ℓ represents a
parallel of the torus knot T (p, q) on T ,mi is a meridian of each component of L and r, s satisfy
ps+ qr = 1. We note that G(L) contains G(p, q) = 〈x, y | xp = yq〉, the group of the torus knot
T (p, q), as a subgroup.
Remark 3.1. (1) The center of G(L) is an infinite cyclic group Z generated by xp = yq.
(2) The abelianization homomorphism αL : G(L)→ 〈t1〉 ⊕ · · · ⊕ 〈tµ〉 is given by
αL(mi) = ti (1 ≤ i ≤ µ), αL(x) = tq, αL(y) = tp
where we put t = t1 · · · tµ.
(3) It is known that the bridge number of the torus link T (µp, µq) is equal to min(µp, µq)
(see [13, Corollary 1.5]).
Using the relationmµmµ−1 · · ·m1 = xrys, the above presentation ofG(L) can be reduced to
G(L) = 〈m1, · · · , mµ−1, x, y | [xp, mi] = 1 (1 ≤ i ≤ µ− 1), xp = yq〉.
The latter presentation will be useful for calculating the (higher dimensional) twisted Alexander
polynomial in Sections 4 and 5.
3.2. Character varieties of torus links. In this subsection we describe the character variety
of G(L) following the paper [4].
Now let us consider an irreducible representation ρ : G(L)→ SL(2,C). Namely there is no
nontrivial proper invariant subspace ofC2 under the natural action of ρ(G(L)). A representation
ρ : G(L)→ SL(2,C) is called reducible if it is not irreducible.
LetR(µp, µq) be the set of irreducible SL(2,C)-representations of the link group G(L) of a
µ-component torus link L = T (µp, µq). We denote the quotient space by conjugation action of
SL(2,C) by
X (µp, µq) = R(µp, µq)/ ∼ .
Remark 3.2. We call R(µp, µq) the irreducible representation variety of L = T (µp, µq) and
X (µp, µq) the irreducible character variety of L. Actually, for a character χρ : G(L) → C
defined by χρ(γ) = tr ρ(γ), γ ∈ G(L), it is known that χρ = χρ′ (ρ, ρ′ ∈ R(µp, µq)) if and
only if ρ, ρ′ are conjugate (see [1, Proposition 1.5.2]).
We also denote the 2× 2 identity matrix by I and the image of each generator of G(L) by its
capital letter.
Lemma 3.3. If ρ is irreducible, thenXp = Y q = ±I hold.
Proof. Assume that Xp = Y q 6= ±I . Since Xp = Y q is in the center of ρ(G(L)), Xp = Y q
commutes with any one of X, Y andMj (j = 1, . . . , µ− 1). Thus an eigenvector of Xp = Y q
is also an eigenvector of any of them. It contradicts the irreducibility of ρ. 
By the above lemma, we can write the eigenvalues of X and Y as α(a) = exp(
√−1πa/p),
0 ≤ a ≤ p and β(b) = exp(√−1πb/q), 0 ≤ b ≤ q respectively.
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Remark 3.4. Since Xp = (−I)a = Y q = (−I)b, it holds that a ≡ b (mod 2).
For ρ ∈ R(µp, µq), it will be defined by a set of matrices (X, Y,M1, . . . ,Mµ−1)which satisfy
the relations coming from the presentation ofG(L). We note that the relations [xp, mi] = 1 (1 ≤
i ≤ µ − 1) give no restriction to the matrices (X, Y,M1, . . . ,Mµ−1), because Xp = Y q = ±I
hold by Lemma 3.3.
Notation. We will use the following notations:
tx = tr (X), ty = tr (Y ), ti = tr (Mi), txy = tr (XY ), txi = tr (XMi), txyi = tr (XYMi)
for 1 ≤ i ≤ µ− 1.
3.2.1. µ = 2. We observe how a representative of an irreducible representation
ρ : G(L) = 〈m1, x, y | [xp, m1] = 1, xp = yq〉 → SL(2,C)
in each conjugacy class can be determined by using traces. Here we fix two non negative
integers a, b (0 ≤ a ≤ p, 0 ≤ b ≤ q, a ≡ b mod 2) and then fix
tx = tr (X) = α(a) + α(a)
−1 = 2 cos(aπ/p),
ty = tr (Y ) = β(b) + β(b)
−1 = 2 cos(bπ/q).
Case 1. ρ|G(p,q) is non-abelian. By [4, Proposition 4.3], up to conjugation, we can put
X =
(
α(a) 0
0 α(a)−1
)
, tx 6= ±2; Y =
(
s 1
u v
)
, u = sv − 1, ty 6= ±2.
By α(a)2 − txα(a) + 1 = 0, one sees that
α(a) =
tx +
√
t2x − 4
2
or α(a) =
tx −
√
t2x − 4
2
.
Since
(
α(a) 0
0 α(a)−1
)
is conjugate to
(
α(a)−1 0
0 α(a)
)
by conjugation action of
(
0 1
−1 0
)
,
the matrixX is perfectly determined by tx up to conjugation.
Next we determine Y by using ty, txy. Since s + v = ty, we have v = ty − s. To determine
s, we use
txy = α(a)s+ α(a)
−1v
= s(α(a)− α(a)−1) + α(a)−1ty.
Thus we have
s =
txy − α(a)−1ty
α(a)− α(a)−1 ,
v = ty − s
= − txy − α(a)ty
α(a)− α(a)−1 ,
u = sv − 1
= −t
2
xy − txytxty + t2y + t2x − 4
t2x − 4
.
Therefore tx, ty, txy determine X and Y uniquely, up to conjugation.
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Remark 3.5. Note that α(a) 6= α(a)−1 since tx 6= ±2. Moreover, u 6= 0 if and only if t2xy −
txytxty + t
2
y + t
2
x − 4 6= 0.
Case 1.1. u 6= 0. This is equivalent to t2xy − txytxty + t2y + t2x − 4 6= 0. In this case ρ|G(p,q) is
irreducible.
We now determine M1 by using t1, tx1, ty1, txy1. Put M1 =
(
γ δ
ε ζ
)
with γζ − δε = 1 and
γ + ζ = t1. Also we have
tx1 = tr (XM1)
= α(a)γ + α(a)−1ζ
= α(a)γ + α(a)−1(t1 − γ)
= (α(a)− α(a)−1)γ + α(a)−1t1,
namely
γ =
tx1 − α(a)−1t1
α(a)− α(a)−1
and
ζ = t1 − γ
= − tx1 − α(a)t1
α(a)− α(a)−1 .
Further we have
ty1 = tr (YM1)
= sγ + ε+ uδ + vζ
= sγ + ε+ uδ + v(t1 − γ)
= (s− v)γ + uδ + ε+ vt1,
then uδ + ε = ty1 − vt1 − (s− v)γ holds.
On the other hand, γζ − δε = 1 implies (uδ)ε = u(γζ −1). Hence uδ and ε are the solutions
θ1, θ2 of the quadratic equation
Z2 − (ty1 − vt1 − (s− v)γ)Z + u(γζ − 1) = 0
whose coefficients are functions of tx, ty, t1, txy, tx1 and ty1. For any values of tx, ty, t1, txy, tx1
and ty1, there exists at most two solutions θ1, θ2. Therefore these six coordinates determine two
triples (X, Y,M1) and (X, Y,M
′
1), that is,
X =
(
α(a) 0
0 α(a)−1
)
, α(a) 6= ±1;
Y =
(
s 1
u v
)
, u = sv − 1 6= 0;
M1 =
(
γ θ1/u
θ2 ζ
)
or
(
γ θ2/u
θ1 ζ
)
.
These two triples yield the two possible values of the coordinate txy1 = tr (XYM1):
txy1 = α(a)sγ + α(a)
±1θ1 + α(a)
∓1θ2 + α(a)
−1vζ.
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In other words, if we also fix the value of txy1, the triple (X, Y,M1) is uniquely determined.
Note that, by writing in terms of traces, txy1 satisfies the following quadratic equation
t2xy1 − (txty1 + tytx1 + t1txy − txtyt1)txy1(3.1)
+ t2x + t
2
y + t
2
1 + t
2
xy + t
2
x1 + t
2
y1 + txytx1ty1 − txtytxy − txt1tx1 − tyt1ty1 − 4 = 0.
See [4, Section 5].
Combining all that we have obtained at this point, we have
X =
(
α(a) 0
0 α(a)−1
)
, Y =
(
s 1
u ty − s
)
,
α(a)±1 =
tx ±
√
t2x − 4
2
, s =
txy − α(a)−1ty
α(a)− α(a)−1 , u = −
t2xy − txytxty + t2y + t2x − 4
t2x − 4
,
M1 =
(
γ δ
ε t1 − γ
)
, γ =
tx1 − α(a)−1t1
α(a)− α(a)−1
and
ε(uδ) = u(γt1 − γ2 − 1), ε+ uδ = ty1 − (ty − s)t1 − γ(2s− ty).
Fixing the value of txy1, the matrixM1 and hence the triple (X, Y,M1) is perfectly determined.
As a conclusion, in Case 1.1, a representation ρ : G(L)→ SL(2,C), i.e. the triple (X, Y,M1)
of matrices is well determined by the coordinates(
tx = 2 cos(πa/p), ty = 2 cos(πb/q), t1, txy, tx1, ty1, txy1
)
where t2xy − txytxty + t2y + t2x − 4 6= 0 and (t1, txy, tx1, ty1, txy1) satisfies equation (3.1). Here
0 < a < p, 0 < b < q, and a ≡ b mod 2.
So there are
(p−1)(q−1)
2
components, which are labeled by tx, ty. Further each of them has the
complex dimension 4 parametrized by t1, txy, tx1, ty1, txy1 which satisfy equation (3.1).
Note the followings:
• Any point with t2xy− txytxty + t2y + t2x−4 = 0 (i.e. txy = α(a)β(b)±1+α(a)−1β(b)∓1)
belongs to one of the spaces in Case 1.2 below.
• txy1 can have only two values after fixing other coordinates tx, ty, t1, txy, tx1 and ty1.
Case 1.2. u = 0. This is equivalent to t2xy − txytxty + t2y + t2x − 4 = 0. In this case ρ|G(p,q) is
reducible. Up to conjugation, we may assume that
X =
(
α(a) 0
0 α(a)−1
)
and Y =
(
β(b)±1 1
0 β(b)∓1
)
.
The matrices X and Y are determined by tx, ty and txy = α(a)β(b)
±1 + α(a)−1β(b)∓1. More-
over, if we fix tx and ty, there are 2 choices for txy.
ForM1 =
(
γ δ
ε ζ
)
, we can see
γ =
tx1 − α(a)−1t1
α(a)− α(a)−1 ,
ζ = t1 − γ
= − tx1 − α(a)t1
α(a)− α(a)−1
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as in Case 1.1. Since
ty1 = tr (YM1)
= β(b)±1γ + ε+ β(b)∓1ζ
we can see
ε = ty1 − β(b)±1γ − β(b)∓1ζ
=
(α(a)− α(a)−1)ty1 − β(b)±1(tx1 − α(a)−1t1)− β(b)∓1(−tx1 + α(a)t1)
α(a)− α(a)−1
=
(α(a)− α(a)−1)ty1 − (β(b)±1 − β(b)∓1)tx1 − (α(a)β(b)∓1 − α(a)−1β(b)±1)t1
α(a)− α(a)−1 .
In this case, the representation ρ : G(L) → SL(2,C) is irreducible if and only if ε 6= 0. This
open condition is
(3.2) (α(a)− α(a)−1)ty1 − (β(b)±1 − β(b)∓1)tx1 − (α(a)β(b)∓1 − α(a)−1β(b)±1)t1 6= 0.
Hence there are
(p−1)(q−1)
2
× 2 = (p− 1)(q− 1) components, and each of them has the complex
dimension 3 parametrized by t1, tx1, ty1 which satisfy condition (3.2).
Case 2. ρ|G(p,q) is abelian. In this case, (X, Y ) is conjugate in SL(2,C) to a pair of diagonal
matrices, so it is enough to consider the following cases.
Case 2.1. ρ|G(p,q) 6= {±I}. Then X 6= ±I or Y 6= ±I . Without loss of generality, we
assumeX 6= ±I . As in Case 1.2, we have
γ =
tx1 − α(a)−1t1
α(a)− α(a)−1 ,
ζ = − tx1 − α(a)t1
α(a)− α(a)−1 ,
ty1 = β(b)
±1γ + β(b)∓1ζ
=
(β(b)±1 − β(b)∓1)tx1 + (β(b)∓1α(a)− β(b)±1α(a)−1))t1
α(a)− α(a)−1 .
We then see that the representation ρ is irreducible if and only if δ 6= 0 and ε 6= 0. These
conditions are equivalent to t1 6= ±2 and γζ 6= 1. Here
γζ = − t
2
x1 − tx1txt1 + t21
(α(a)− α(a)−1)2
and then the conditions are
(3.3) t1 6= ±2 and t2x1 − tx1txt1 + t21 + t2x − 4 6= 0.
In this case each component has the dimension 2 parametrized by t1 and tx1 which satisfy
condition (3.3).
Case 2.2. ρ|G(p,q) = {±I}. In this case ρ is an abelian representation. This is a contradiction.
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3.2.2. µ ≥ 3. In this case we are able to explicitly describe the irreducible representations in
the following cases. The other cases remain unknown.
Case 1.1. ρ|G(p,q) is irreducible. In this case, similar to the previous subsection, the represen-
tation ρ : G(L)→ SL(2,C), i.e. the (µ+1)-tuple (X, Y,M1, . . . ,Mµ−1) is well determined by
the coordinates(
tx = 2 cos(πa/p), ty = 2 cos(πb/q), txy, ti, txi, tyi, txyi
)
1≤i≤µ−1
where t2xy− txtytxy + t2x+ t2y−4 6= 0 and each quadruple (ti, txi, tyi, txyi) satisfies the following
quadratic equation
t2xyi − (txtyi + tytxi + titxy − txtyti)txyi(3.4)
+ t2x + t
2
y + t
2
i + t
2
xy + t
2
xi + t
2
yi + txytxityi − txtytxy − txtitxi − tytityi − 4 = 0.
The coordinates tx and ty are determined by a (0 < a < p) and b (0 < b < q) which satisfy
a ≡ b (mod 2). So there are (p−1)(q−1)
2
components, which are labeled by tx, ty. Further
each of them has the complex dimension 1 + 4(µ − 1) − (µ − 1) = 3µ − 2 parametrized by
ti, txy, txi, tyi, txyi, which satisfy equation (3.4).
Case 2.2. ρ|G(p,q) = {±I}. In this case X (µp, µq) can be identified with the irreducible
character variety of a free group Fµ−1. Hence the dimension of each component is given by
3(µ− 1)− 3 = 3µ− 6. See [4, Section 5] for details.
Problem 3.6. Describe X (µp, µq) when ρ|G(p,q) is reducible and nontrivial.
4. TWISTED ALEXANDER POLYNOMIALS OF TORUS LINKS
In this section, we give an explicit formula for the twisted Alexander polynomial of any torus
link associated to an irreducible SL(2,C)-representation.
Let ρ ∈ R(µp, µq), namely ρ : G(L) → SL(2,C) is an irreducible representation. By
Lemma 3.3, all eigenvalues of X and Y are roots of unity and we may assume that X is conju-
gate to
(
α 0
0 α−1
)
and Y is to
(
β 0
0 β−1
)
where α = α(a) = exp(
√−1πa/p), 0 ≤ a ≤ p and
β = β(b) = exp(
√−1πb/q), 0 ≤ b ≤ q.
Recall that G(L) has the presentation
G(L) = 〈m1, . . . , mµ−1, x, y | [xp, mi] (1 ≤ i ≤ µ− 1), xp = yq〉.
We put relators ri = x
pmix
−pm−1i (1 ≤ i ≤ µ − 1) and rµ = xpy−q. Applying the free
differential to each ri (1 ≤ i ≤ µ− 1), we have
∂ri
∂mj
=
{
xp − ri (i = j)
0 (i 6= j),
∂ri
∂x
= 1 + x+ · · ·+ xp−1 − xpmix−p(1 + x+ · · ·+ xp−1), ∂ri
∂y
= 0.
Moreover
∂rµ
∂mi
= 0,
∂rµ
∂x
= 1 + x+ · · ·+ xp−1, ∂rµ
∂y
= −xp(1 + y + · · ·+ yq−1).
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We consider the square matrix Aµ+1 which is obtained from the Alexander matrix A by remov-
ing the (µ+ 1)th column. By the definition of the twisted Alexander polynomial, we have
∆L,ρ(t1, . . . , tµ) =
detAµ+1
det Φ(y − 1)
=
(
det(tpqXp − I))µ−1 det(I + tqX + · · ·+ tq(p−1)Xp−1)
det(tpY − I)
=
(t2pq − (αp + α−p)tpq + 1)µ−1(1 + αtq + · · ·αp−1tq(p−1))(1 + α−1tq + · · ·α−(p−1)tq(p−1))
t2p − (β + β−1)tp + 1
=
(
tpq − (−1)a)2µ
(tp − β)(tp − β−1)(tq − α)(tq − α−1) ,
where αp = (−1)a and we put t = t1 · · · tµ.
It is clear that ∆L,ρ(t1, . . . , tµ) depends only on the eigenvalues of X and Y , which does not
vary continuously. Therefore every coefficient of∆L,ρ(t1, . . . , tµ) is locally constant.
To sum up we have the following.
Theorem 4.1. The twisted Alexander polynomial of the torus link L = T (µp, µq) is given by
∆L,ρ(t1, . . . , tµ) =
(
tpq − (−1)a)2µ
(tp − β)(tp − β−1)(tq − α)(tq − α−1) ,
where t = t1 · · · tµ. Moreover every coefficient of ∆L,ρ(t1, . . . , tµ) is locally constant on the
irreducible character variety X (µp, µq).
Remark 4.2. If µ = 1, that is, L is the torus knot T (p, q), then the above formula gives the same
one as in [9, Section 4] and [12, Theorem 5.16].
5. HIGHER DIMENSIONAL TWISTED ALEXANDER POLYNOMIALS
In this section we investigate the higher dimensional twisted Alexander polynomial associ-
ated to an irreducible representation of SL(2,C).
5.1. Irreducible representations of SL(2,C). The group SL(2,C) acts naturally on the vector
space C2. Then the symmetric product Symn−1(C2) and the induced action by SL(2,C) gives
an n-dimensional irreducible representation of SL(2,C). In fact, Symn−1(C2) can be identified
with the vector space Vn of homogeneous polynomials on C
2 with degree n− 1, i.e.
Vn = spanC〈zn−11 , zn−21 z2, · · · , z1zn−22 , zn−12 〉.
The action of P ∈ SL(2,C) on Vn is expressed as
P · p(z1, z2) := p(P−1
(
z1
z2
)
).
This action defines a representation σn : SL(2,C)→ GL(Vn).
It is known that the image of σn is actually contained in SL(n,C), and every n-dimensional ir-
reducible representation of SL(2,C) is equivalent to (Vn, σn). For a representation ρ : G(L)→
SL(2,C), we denote the composition σn ◦ ρ : G(L)→ SL(n,C) by ρn. Note that ρ2 = ρ holds.
We now study the twisted Alexander polynomial ∆L,ρn(t1, . . . , tµ) for the torus link L =
T (µp, µq). Let ρ : G(L) → SL(2,C) be an irreducible representation. Assume that X is
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conjugate to
(
α 0
0 α−1
)
and Y is to
(
β 0
0 β−1
)
where α = exp(
√−1πa/p), 0 ≤ a ≤ p and
β = exp(
√−1πb/q), 0 ≤ b ≤ q as before. We also put t = t1 · · · tµ.
Theorem 5.1. If n is even, then
∆L,ρn =
(
tpq − (−1)a)nµ∏n
2
−1
j=0
(
t2q − 2(cos (2j+1)api
p
)tq + 1
)(
t2p − 2(cos (2j+1)bpi
q
)tp + 1
) .
If n is odd, then
∆L,ρn =
(tpq − 1)nµ
(tp − 1)(tq − 1)∏n−12j=1 (t2q − 2(cos 2japip )tq + 1)(t2p − 2(cos 2jbpiq )tp + 1) .
We give a proof of the theorem in the next subsection. As an immediate corollary, we have
the following.
Corollary 5.2. Every coefficient of∆L,ρn(t1, . . . , tµ) is locally constant on the irreducible char-
acter variety X (µp, µq).
For a link L in S3, by [6], we have TL,ρn = ∆L,ρn(1, . . . , 1), where TL,ρn is the Reidemeister
torsion (see [11] for the definition). Hence, for the torus link L = T (µp, µq), we obtain the
following.
Corollary 5.3. Suppose n is even and a ≡ b ≡ 1 (mod 2). Then
TL,ρn =
2n(µ−2)∏n
2
−1
j=0 sin
2
(
(2j+1)api
2p
)
sin2
(
(2j+1)bpi
2q
) .
Remark 5.4. For the torus knot T (p, q) (i.e. µ = 1), the above formula give the same one as in
[16, Proposition 4.1]. Moreover, by a similar argument to [15, Proposition 3.8], one can show
that
lim
n→∞
logTL,ρn
n
=
(
µ− 1
p′
− 1
q′
)
log 2,
where p′ = p
(a,p)
and q′ = q
(b,q)
.
5.2. Proof of Theorem 5.1. Recall ρ(x) =
(
α 0
0 α−1
)
and ρ(y) is conjugate to
(
β 0
0 β−1
)
,
where α = exp(
√−1πa/p), 0 ≤ a ≤ p and β = exp(√−1πb/q), 0 ≤ b ≤ q. Then
it is easy to check that ρn(x) = diag(α
n−1, αn−3, . . . , α−(n−1)) and ρn(y) is conjugate to
diag(βn−1, βn−3, . . . , β−(n−1)), which are diagonal matrices of degree n. Hence
∆L,ρn =
(
det(tpqXp − I))µ−1 det(I + tqX + · · ·+ tq(p−1)Xp−1)
det(tpY − I) .
If n is even, then
∆L,ρn =
n
2
−1∏
j=−n
2
(α(2j+1)ptpq − 1)µ−1 1 + α
2j+1tq + · · ·+ α(2j+1)(p−1)tq(p−1)
tp − β2j+1 .
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Since αp = (−1)a, we have
1 + α2j+1tq + · · ·+ α(2j+1)(p−1)t(p−1)q = α
(2j+1)ptpq − 1
α2j+1tq − 1 =
(−1)atpq − 1
α2j+1tq − 1 .
Hence
∆L,ρn =
n
2
−1∏
j=−n
2
(
(−1)atpq − 1)µ
α2j+1tq − 1 ·
1
tp − β2j+1
=
n
2
−1∏
j=0
(
(−1)atpq − 1)µ
α2j+1tq − 1 ·
(
(−1)atpq − 1)µ
α−(2j+1)tq − 1 ·
1
tp − β2j+1 ·
1
tp − β−(2j+1)
=
n
2
−1∏
j=0
(tpq − (−1)a)2µ
t2q − (α2j+1 + α−(2j+1))tq + 1 ·
1
t2p − (β2j+1 + β−(2j+1))tp + 1
=
n
2
−1∏
j=0
(tpq − (−1)a)2µ
t2q − 2(cos (2j+1)api
p
)tq + 1
· 1
t2p − 2(cos (2j+1)bpi
q
)tp + 1
=
(tpq − (−1)a)nµ∏n
2
−1
j=0
(
t2q − 2(cos (2j+1)api
p
)tq + 1
)(
t2p − 2(cos (2j+1)bpi
q
)tp + 1
) .
Similarly, if n is odd, then
∆L,ρn =
n−1
2∏
j=−n−1
2
(α2jptpq − 1)n−11 + α
2jtq + · · ·+ α2j(p−1)tq(p−1)
tp − β2j
=
n−1
2∏
j=−n−1
2
(tpq − 1)µ
α2jtq − 1 ·
1
tp − β2j
=
(tpq − 1)n
(tp − 1)(tq − 1)
n−1
2∏
j=1
(tpq − 1)2µ
(α2jtq − 1)(α−2jtq − 1) ·
1
(tp − β2j)(tp − β−2j)
=
(tpq − 1)nµ
(tp − 1)(tq − 1)∏n−12j=1 (t2q − 2(cos 2japip )tq + 1)(t2p − 2(cos 2jbpiq )tp + 1) .
This completes the proof of Theorem 5.1.
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